exist in stacks of bipolar plate cells with common electrolytes, as shown schematically in Fig. 1 . These shunt currents are undesirable for at least two reasons: they can cause corrosion of some of the components of the system, and they are currents that are essentially lost in terms of the production of the desired products of the system. The corrosion problem can be particularly severe if the shunt currents leave the cells via conducting nozzles to which are attached the inlet and outlet tubes for the cells. It is desirable, therefore, to be able to predict the shunt currents for all of the inlet and outlet tubes for cells in stacks, such as that shown in Fig. 1 , to provide a means of predicting the "worst case" corrosion rates of the connecting nozzles. This is considered a worst case because the shunt currents in the tubes cannot be expected to appear entirely as the dissolution of the nozzle. It is, of course, also desirable to be able to predict the total amount of shunt current to provide a means of estimating the efficiency of the stack.
The shunt currents shown in Fig. 1 can be predicted by using a circuit analog model, as shown in Fig. 2 for N cells. This model is based on the conceptualization that the total current (IT) enters the solution in the first cell through the terminal anode and then passes through onehalf of a cell resistance (RJ2). The total current can then either continue through the other half of the first cell resistance or split and leave the cell through the connecting channels (or tubes) and enter the manifolds as shunt currents: This first RJ2 resistance that IT must pass through is combined with the last R J2 resistance that IT must pass through to exit the last cell via the terminal cathode and *Electrochemical Society Active Member. **Electrochemical Society Student Member.
is represented as the right most Re resistor in Fig. 2 . Also, the open-circuit potential of the cell that the total current passes through when entering the solution through the terminal anode and leaving the solution via the terminal cathode is represented in the circuit analog model as the right most Vo in Fig. 2 . Note that in the analog circuit model, the manifolds are assumed to be electrically insulated from ground and are themselves nonconducting.
The circuit in Fig. 2 can be simplified by assuming that Rt.l, and Rt,ou t are in parallel so that an equivalent resistance R~ can be defined for the inlet and outlet tubes as 1 1 1
R2

Rt.ln Rt,out
and, in a hke manner, an equivalent resistance R3 can be defined for the inlet and outlet manifold resistances 1 1 1
Rz-Rm.,~ + Rm,ou~ [2] The resulting simplified circuit is shown in Fig. 3 . It is worth mentioning at this point that some workers have extended the circuit analog model shown in Fig. 3 to include nonlinear elements to account for the actual current-potential relationship that exists in the cells of interest. Katz (1), for example, added zener diodes to the R5 branches of Fig. 3 and Kuhn and BOoth (2) added zener diodes to the Re branches of Fig. 3 for this purpose. These nonlinear elements will be discussed further below.
Consideration of the circuits in Fig. 2 and 3 reveals that two special cases exist 9 One of these cases exists when Rt.i. >> Rt.out (or vice versa) and Rm.i, >> Rm.out (or vice versa) and the other exists when Rt,in = Rt,out and Rm.t, = R .... t-In the first case, the currents in the two circuits il=l Fig. 2 . In the second case, it can be shown that the currents in the branches of the circuit in Fig. 2 are equal to one-half of those in Fig. 3 (i.e., Ictj = Ico.j = I212
and Imu = Imoj = IJ2), as expected based on the symmetry of the circuit in Fig. 2 . For all other cases, the currents in Fig. 2 can be determined directly (see below), or approximately by using the current obtained from an analysis of the circuit in Fig. 3 . THat is Ie; j (Fig. 2 ) ~ I~.j (Fig. 3) [3]
R3
Imi,J ~ ~ l:~j [6] and Im,, J ~ R:= 13 j
Predictions for the currents in Fig. 3 have been obtained by a variety of methods. One method used by some workers (3) (4) (5) (6) (7) (8) consists of writing the finite difference form of the equations for the currents in Fig. 3 (see below) in continuous form. That is, it is assumed that a linear differential equation can be used to replace the finite difference equations for the currents for a large number of cells. The resulting differential equation is then solved by standard methods which yield a solution containing exponential terms. This approach is of limited utility because of the required assumption of a large number of cells. A similar approach has been used recently by Grimes et al. (9) (10) (11) (12) (13) in which they solve the finite difference equation for the currents in Fig. 3 by using a power law solution technique (9); Unfortunately, neither of these methods can be used easily, if at all, to solve for the currents in a circuit like Fig. 3 consists of using standard matrix techniques to solve the governing finite difference equations, as discussed in Ref. (1), (2) , (14) , and (15) . These standard matrix techniques can be used to solve approximately for currents in circuits which have nonlinear elements (1). The method used by Katz (1) is only approximate because he uses a linear current-potential relationship for cell j and then uses iteration to find the proper slope and intercept values for the linear polarization relationships for cell j. The treatment of the nonlinearities by Kuhn and Booth (2) is based on a similar method, but their method is, unfortunately, based on a software package that is not widely available. A simple, direct method for treating cirCuits with nonlinear current-potential relationships is presented below 9 As shown in Eq. [3] - [7] , once values for the currents in Fig. 3 are known, they can be used to predict approximately the currents in Fig. 2 . If more accurate values of the currents in Fig. 2 by using the method presented here or standard matrix methods as shown by Rousar and Cezner (16) . Another approximate method of determining the currents in Fig. 2 was presented by Burnett and Danly (17) . Their method is approximate because they assume that Rm.~n = Rm,o,t = 0 which leads to a simple solution but unfortunately yields an incorrect dependence of the fractional amount of current loss due to shunt currents on the number of cells, as shown first by Farnum (18) and discussed further below.
Divided cells.--A schematic of a stack of divided bipolar plate cells is shown in Fig. 4 . This schematic, which is similar to that presented by Prokopius (19) , can be used to formulate the circuit analog model shown in Fig. 5 , which is similar to that presented by Prokopius and by Kaminski and Savinell (20) . This model is based on the conceptualization that the stack consists of a series of compartments for the terminal anode, bipolar plates, and the terminal cathode, and that these compartments are separated by ion exchange membranes, for example. Also, note that only the inlet and outlet anolyte streams are connected to the terminal anode compartment and only the inlet and outlet streams of the catholyte are connected to the terminal cathode compartment. The total current enters the stack by overcoming the anodic portion of the open-circuit potential of the cell potential which, as before, is lumped with the cathodic portion of the open-circuit cell potential and is shown as the right most Vo in Fig. 5 . Next, some of the total current leaves the terminal anode compartment through both the inlet and outlet anolyte tubes and the rest of the total current passes through the resistance due to the first membrane. It is assumed for simplicity in this model that the resistances of the electrolyte and the bipolar plates in the main current path are negligible relative to the resistance of the membrane (Re). This means that no real cell dimensions (electrode gap, bipolar plate thickness, etc.) have been included in this model so that the branch currents through the inlet and outlet tubes effectively meet at a central node point as shown in Fig. 5 . However, the tube and manifold resistances can be determined in the usual way (17) by using tube and manifold dimensions and the specific resistivity of the electrolyte in them. Once the majority of the current passes through the first membrane, it enters the first bipolar plate compartment and overcomes the open-circuit cell potential. Next, a portion of the current leaves the compartment via the inlet and outlet tubes of both the anolyte and catholyte streams, as shown as node point number 2 in Fig. 5 . The current continues through the stack in this manner until passing through the last membrane and entering the terminal cathode compartment. Here the current can enter the compartment from the catholyte inlet and outlet tubes only, as represented by the last node point in Fig. 5 .
Methods for predicting the currents in Fig. 5 with symmetrical resistances (i.e., RA = R'A, etc.) have been presented by Prokopius (19) and Kaminski~and Savinell (20) . The method used by Prokopius is a standard matrix method, which is probably not suitable for use with a large number of cells with nonlinear circuit elements and unsymmetrical resistances. His method was not considered in depth here because of a lack of sufficient detail in his report. The method presented by Kaminski and Savinell [see also Kaminski (21) ] is computationally more efficient than that presented by Prokopius but, unfortunately, it does not appear that their method can be extended easily, if at all, to treat circuits with nonsymmetrical resistances and nonlinear circuit elements.
The currents in Fig. 5 have also been predicted in an approximate manner by Burnett and Danly (17) . They determined the fraction of current loss due to shunt currents for the anolyte side using a simplified form of the circuit in Fig. 2 and did the same thing for the catholyte side and added the two together to obtain the total loss due to shunt currents.
Finally, it should be mentioned here that others (22-24) have presented methods for predicting shunt currents based on solving Laplace's equation or a combination of Laplace's equation and a circuit analog model (25) , and others (26-28) have presented paper s that deal mostly with the experimental aspects of shunt currents.
Solution Technique
The currents in Fig. 2, 3 , and 5 can be obtained by using the concept that all of the currents in a particular branch (or branches) of the circuit can be treated as unknown currents at a particular node point on the central branch of the circuit. That is, for example, the unknown currents Iej, I2J, and I3, j in Fig. 3 can be assumed to exist at node point j. The three governing finite difference equations that apply for these currents can be obtained from Kir- I3,N--, = --I~,~ [15] Ia,~ = 0 [16] Values for the currents I,j, I2,j, and 13.5 can be determined by using Newman's BAND(J) subroutine (29) (30) (31) to solve Eq. [8] - [16] once values have been specified for IT, Vo, Re, R2, R3, and N, as discussed in Appendix A of Ref. (32) . This same conceptualization of writing the governing equations for the local unknown branch currents as if they all existed at node point j on the central branch of the circuit can also be applied to the currents in Fig. 2 and 5, as discussed in Appendix B and C of Ref. (32) . It is worth noting that this means that five and nine unknown currents exist at each central node point for the circuit analogs presented in Fig. 2 and 5, respectively. Newman's BAND(J) subroutine is ideally suited to solve this type of problem for a large number of cells (>50) because it requires less computer storage and less computer time than standard matrix techniques. This method is referred to here as the exact or BAND(J) method.
This Fig. 3 could be removed and replaced by a zener diode placed in the circuit such that the direction of current flow would be the same as that shown for Vo. The current-potential relationship for such an element might be represented by a third-order polynominal as follows V~ = af + a2Ie.j + a3Ie.j 2 + a41e.j a [17] which reduces to the previously used linear current-potential relationship if a, = Vo, a2 = Re, and aa = a4 = 0. The procedure for using Eq. [17] in the exact method consists of replacing V. + R~[~a in Eq. [10] and [13] by the righthand side of Eq. [17] as discussed further in Appendix A of Ref. (32) . Other nonlinear elements could be added to the circuit in Fig. 3 (or other circuit analog models) and handled in a similar manner. Table I presents values for the currents in Fig. 2 for a battery case presented by Kaminski (21) obtained by both the exact method and the approximate method according to Eq. [3] - [7] , with Iej, I2j, and I3j obtained by the exact method. The values obtained for the currents in Fig. 2 using the exact method are the same as those obtained by Kaminski (21) , whereas the approximate values are accurate to within about 1% or less except for the manifold currents which disagree by as much as 9%. However, this larger difference in the manifold currents is to be expected due to the additive nature of the manifold currents.
Results and Discussion Undivided cells.--
The exact method of calculating the currents in Fig. 2 can also be used to calculate the fraction of the total current lost due to shunt currents as defined by Burnett and Danly (17) N
NIT-~, Ir
~I' = ,i_, [18] NIT Table II presents a comparison of the q' values obtained [7] .
This case and the answers are the same as those presented in Table I of Kaminski (21). Figure 6 shows how 9 depends on N for three of the cases (A, B, and C) presented in Table II . Clearly, xp depends on N, but not as N 2, as reported by Burnett and Danly (17) unless R~,~, = Rm.o,~ = 0. Note that, if the manifolds offer resistance to the passage of current, will approach a constant, as pointed out by Farnum (18) and illustrated in Fig. 6 by case C. Further consideration of Table II reveals that the dependence of 9 on Re is significant (cf. cases C, D, and E) and should not be ignored, as mentioned earlier by Kuhn and Booth (2) .
Nonlinear circuit elements.--The effect of a nonlinear current-potential relationship can be demonstrated by replacing Re and Vo in Fig. 3 with a zener diode with current passing in the same direction as induced by Vo and with the current-potential relationship given by Eq. [17] . The linear and nonlinear model predictions of the shunt current leaving cell number 1 (I2.~) can be compared by Comparison of predicted values for 12,] (Fig. 3) for using one of two mothods for approximating Eq. [17] . The first method is to determine the value of Re based on the cell potential for a single cell measured at I v. That is, by setting j = N = 1, V, = Vce,, al = I7o, a2 = Re, I1,1 = Iv, a3 = 0, and a4 = 0, Eq. [17] becomes Re -
[19]
IT which, by using known values for V~e~,, Vo, and Iv, yields a value for Re that is assumed to apply at and near the set value of I w. The second method consists of using the derivative of Eq. [17] evaluated at Iv to determine a value for Vo according to
That is, at a set value of Iv, Eq. [17] with known values of a~ -a4 is used to obtain a value for the derivative appearing in Eq. [20] . This value of the derivative is equated to Re and is used in Eq. [20] to determine Vo for use in the linear approximation of Vj (Vj = 17o + RolJ. The first method is used here, but both methods yield essentially the same results. Table III presents Table II where the highest possible shunt current would be expected to exist. Divided ceils.--Results are presented here for two cases. The first case is for a battery stack and the second case is for stacks of bipolar plate, membrane chlor-alkali cells. Table IV presents the currents calculated for the circuit shown in Fig. 5 for the same battery case as that presented by Kaminski (21) Table  IV are made unsymmetrical by dividing R'A, R'c, R'MA, arod R'MC by 2. Comparison of the currents presented in Table IV and V reveals that they differ significantly. The degree of importance of this difference depends, of course, on how much difference exists between RA and R'A, etc. Unfortunately, there does not appear to be a simple parameter to predict quantitatively the importance of unsymmetrical resistances.
Table VI presents the parameter values and the predicted currents obtained for a stack of nine bipolar plate, membrane chlor-alkali cells. The results show that it is possible to predict the currents in each of the connecting tubes to the cells. The values predicted for some of these tube currents were verified qualitatively with a clip-on Hall-effect (inductive) ammeter as shown in Fig. 7 and 8 .
The measured values shown in these figures are only qualitatively significant because the accuracy of the ammeter apparatus used was only -+ 0.1A, due to the sensitivity limit of the strength of the inductive field.
The effect of increasing the number of cells on the predicted maximum catholyte outlet tube current is shown in Fig. 9 for full and half-full outlet tubes and manifolds (half-full values obtained by doubling the values for RA, Rc, RMA, and RMc in Table VI) . Finally, Fig. 10 shows the effect on the percent bypass current of increasing the number of cells. Figures 9 and 10 folds, for example, may be only half-full due to presence of product gases. It should be noted in closing that an interesting approach to reduce the shunt currents in chloralkali cells has been presented recently by Mataga and Takenaka (33) . Their approach consists of inserting the inlet and outlet tubes into the cells.
Conclusions
Shunt currents in stacks of either divided or undivided bipolar plate cells with or without nonlinear currentpotential relationships, can be. predicted easily and efficiently by using circuit analog models with or without symmetrical resistances, Kirchoff's node and loop rules, and Newman's BAND(J) subroutine. The expression presented by Burnett and Danly (17) for the fractional amount of current lost due to shunt currents is correct only if Re = Rm.i, = Rm,out = 0. It is important to include nonsymmetrical resistances, if they exist, in the circuit analog models because the predicted tube currents depend significantly on the values of all other resistances for a large number of cells.
Finally, it should be noted that this method of predicting shunt currents based on circuit analog models is inherently limited because of the assumptions of lumped resistances and should be used with caution. In a previous paper (1) we demonstrated that stagnant liquid, trapped in the through-holes of a printed circuit board, gives rise to a diffusion resistance that leads to significant nonuniformity of the deposition rate on the walls of the hole. In commercial electroplating systems, attempts are made to provide agitation of the plating bath so as to promote mass transfer within the holes. Whether this is successful or not depends upon the extent to which agitated liquid can actually be convected into these holes.
In this paper, we examine a mathematical model that relates the degree of nonuniformity to the character of the flow through the hole. In this way, we can establish criteria for the nature of the flow that must be induced in the process in order to achieve a specified level of uniformity. In the third part of this series, we will examine the details of interaction between the agitation in the external bath and the flow induced through the holes.
A primary goal of this investigation is to establish estimates of the degree to which uniformity can be improved through the control of flow through the holes. To this end, we have selected particularly simple conditions which permit analytical solutions to the model equations for convection, diffusion, and reaction. It then becomes relatively easy to examine one specific feature of flow control: periodic flow reversal. Figure 1 shows the geometry and nomenclature for our model of diffusion, reaction, and flow.~ in a through-hole. We assume that an axial flow exists in the hole, and that the flow is steady in time. We assume, further, that the velocity field is fully developed everywhere beyond the entrance, z = 0. We will assess the validity and implications of these assumptions later.
Model Development
The convective diffusion equation, under these assumptions, may be written as (2) Oz -7 ~-~ \ [1] We use molar concentration as the composition variable C, and consider a single species: the ion that is being plated on the through-hole surface at r = a. Likewise, the diffusion coefficient D is that of the ionic species in the plating solution.
It is convenient to nondimensionalize this equation by introducing the hole radius a as a length scale, and the average velocity U as a velocity scale. We may then write Eq. [1] in the form where -~-z -~-e-~ Ir ~ [2] diffusion boundary //////" layer
= r/a ~ = z/a ~ = C/Cb
and the Peclet number is defined as Pe = 2 a U/D [3] In Eq. [2] , the coefficient F(r) is the dimensionless velocity, which we have written as
We will later have to specify the form of F(r) if we wish to solve Eq. [2] . We note that the axial diffusion term has been neglected in Eq. [1] (and Eq. [2] ). This is usually regarded as a good assumption for large Peclet number, say Pe > 100 (3).
We examine boundary conditions before proceeding further. At the entrance to the hole, we impose the boundary condition that the concentration is that of the fluid external to the hole, or = 1 at z = 0 [5] We have assumed axial symmetry, so that a boundary condition on the hole axis is flow into through-hole -----~ r Fig. 1 . Definition sketch for mathematical model
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